We consider rotational hypersurface in the four dimensional Euclidean space. We calculate 1 the mean curvature and the Gaussian curvature, and some relations of the rotational hypersurface. Moreover, we define the third Laplace-Beltrami operator and apply it to the rotational hypersurface. 
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Preliminaries

51
In this section, we will introduce the first and second fundamental forms, matrix of the shape 52 operator S, Gaussian curvature K, and the mean curvature H of hypersurface M = M(r, θ 1 , θ 2 ) in 53 Euclidean 4-space E 4 . In the rest of this work, we shall identify a vector − → α with its transpose.
54
Let M = M(r, θ 1 , θ 2 ) be an isometric immersion of a hypersurface M 3 in the E 4 .
55
Definition 1. The inner product of − → x = (x 1 , x 2 , x 3 , x 4 ), − → y = (y 1 , y 2 , y 3 , y 4 ) on E 4 is defined by as follows:
− → x · − → y = x 1 y 1 + x 2 y 2 + x 3 y 3 + x 4 y 4 .
Definition 2. The vector product of − → x = (x 1 , x 2 , x 3 , x 4 ), − → y = (y 1 , y 2 , y 3 , y 4 ), − → z = (z 1 , z 2 , z 3 , z 4 ) on E 4 is defined by as follows:
e 1 e 2 e 3 e 4 x 1 x 2 x 3 x 4 y 1 y 2 y 3 y 4
Definition 3. For a hypersurface M(r, θ 1 , θ 2 ) in 4-space, we have
and
where I, II and III are the first, the second and the third fundamental form matrices, respectively,
Here, e is the Gauss map (i.e. the unit normal vector) defined by
Definition 4. Product matrices
gives the matrix of the shape operator S as follows:
where
Definition 5. The formulas of the Gaussian and the mean curvatures, respectively as follow:
A hypersurface M is minimal if H = 0 identically on M. 
Curvatures of a rotational hypersurface in 4-space
58
We define the rotational hypersurface in E 4 . For an open interval I ⊂ R, let γ : I −→ Π be a curve 59 in a plane Π in E 4 , and let be a straight line in Π.
60
Definition 6. A rotational hypersurface in E 4 is hypersurface rotating a curve γ around a line (these are 61 called the profile curve and the axis, respectively).
We may suppose that is the line spanned by the vector (0, 0, 0, 1) t . The orthogonal matrix which fixes the above vector is
where θ 1 , θ 2 ∈ R. The matrix Z can be found by solving the following equations simultaneously;
When the axis of rotation is , there is an Euclidean transformation by which the axis is transformed to the x 4 -axis of E 4 . Parametrization of the profile curve is given by
where ϕ (r) : I ⊂ R −→ R is a differentiable function for all r ∈ I. So, the rotational hypersurface which is spanned by the vector (0, 0, 0, 1), is as follows:
in E 4 , where
where r ∈ R\{0} and 0 ≤ θ 1 , θ 2 ≤ 2π.
64
Next, we obtain the mean curvature and the Gaussian curvature of the rotational hypersurface 65 (10).
66
The first differentials of (10) with respect to r, θ 1 , θ 2 , respectively, we get
The first quantities of (10) are as follow:
We have det I = r 4 (1 + ϕ 2 ) cos 2 θ 2 ,
Using (4) , we get the Gauss map of the rotational hypersurface (10) as follows
The second differentials of (10) with respect to r, θ 1 , θ 2 , respectively, we get
Using the second differentials above and the Gauss map (12) of the rotational hypersurface (10) , we have the second quantities as follow:
So, we have
We can write the Gauss map (12) , clearly, as follow:
Using the differentials of the Gauss map (14) of the rotational hypersurface (10) with respect to r, θ 1 , θ 2 , we get
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After some computations, we have the third quantities as follow: We calculate the shape operator matrix of the rotational hypersurface (10) , using (5) , as follows:
Finally, using (6) and (7) , respectively, we calculate the Gaussian curvature and the mean curvature of the rotational hypersurface (10) as follow: Proof. Solving the 2nd order differential eq. K = 0, i.e. ϕ 2 ϕ = 0, we get the solution. Proof. When we solve the 2nd order differential eq. H = 0, i.e.
we get the solution.
The third Laplace-Beltrami operator
74
The inverse of the matrix 
) of class C 3 with respect to the third fundamental form of hypersurface M is the operator ∆ which is defined by as follows:
where e ij = (e kl ) −1 and e = det e ij .
76
Clearly, we write ∆ III φ as follows:
So, using more clear notation, we get
Hence, using more transparent notation we get the third Laplace-Beltrami operator of a smooth 77 function φ = φ(r, θ 1 , θ 2 ) as follow:
We continue our calculations to find the third Laplace-Beltrami operator ∆ III R of the rotational 79 hypersurface R using (17) to the (10).
80
The third Laplace-Beltrami operator of the hypersurface (10) is given by
Here, using the hypersurface (10) , we get Y = U = J = 0. Therefore, we write U, V, W again, as 82 follow:
We obtain the matrices: Taking differentials with respect to r, θ 1 , θ 2 on U, V, W, respectively, we get . Remark 1. When the rotational hypersurface R has the equation ∆ III R = 0, i.e. the rotational hypersurface (10) is III−minimal, then we have to solve the system of eq. as follow:
where 1 ≤ i ≤ 4. Here, finding the function ϕ is a hard problem for us. 
